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1 Introduction 

Throughout L will denote a finite-dimensional Lie algebra over a field F. 
The factor algebra A/B is called a chief factor of L if R is an ideal of L 
and A/B is a minimal ideal of L/B. A chief factor A/B is called Frattini if 
A/B C (/[L/B). This concept was first introduced in [3]. 

If there is a subalgebra, M such that L = A + M and B C AnM, we say 
that A/B is a supplemented chief factor of L, and that M is a supplement 
of A/B in L. Also, if A/B is a non-Frattini chief factor of L, then A/B is 
supplemented by a maximal subalgebra M oi L. 
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A/B is a, chief factor of L supplemented by a subalgebra M of L, and 
A n M = B then we say that A/B is complemented chief factor of L, and 
Af is a complement of A/B in L. When L is solvable, it is easy to see that 
a chief factor is Frattini if and only if it is not complemented. 

If 17 is a subalgebra of L, the core of U, Ul, is the largest ideal of L 
contained in U. We say that U is core-free in L ii Ul = 0. 

We shall call L primitive if it has a core-free maximal subalgebra. Then 
we have the following characterisation of primitive Lie algebras. 

Theorem 1.1 Theorem 1-1]) 

(i) A Lie algebra L is primitive if and only if there exists a subalgebra M 
of L such that L = M + A for all minimal ideals A of L. 

(ii) Let L be a primitive Lie algebra. Assume that U is a core-free maximal 
subalgebra of L and that A is a non-trivial ideal of L. Write C = 
Cl{A). Then C r\U = 0. Moreover, either C = 0 or C is a minimal 
ideal of L. 

(Hi) If L is a primitive Lie algebra and U is a core-free maximal subalgebra 
of L, then exactly one of the following statements holds: 

(a) Soc{L) = A is a self-centralising abelian minimal ideal of L which 
is complemented by U; that is, L = 11+A. 

(b) Soc{L) = A is a non-abelian minimal ideal of L which is supple¬ 
mented by U; that is L = U + A. In this case Cl{A) = 0. 

(c) Soc{L) = A + B, where A and B are the two unique minimal 
ideals of L and both are complemented by U; that is, L = A+U = 
B+U. In this case A = Cl{B), B = Cl{A), and A, B and 
{A + B) nU are nonabelian isomorphic algebras. 

We say that L is 

• primitive of type 1 if it has a unique minimal ideal that is abelian; 

• primitive of type 2 if it has a unique minimal ideal that is non-abelian; 
and 

• primitive of type 3 if it has precisely two distinct minimal ideals each 
of which is non-abelian. 
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If AjB be a supplemented chief factor of L for which M is a maximal 
subalgebra of L supplementing AjB vuL such that LjMi^ is monolithic and 
primitive, we call M a monolithic maximal subalgebra supplementing A/B 
in L. Note that [H Proposition 2.5 (iii) and (iv)] show that such an M 
exists. 

We say that two chief factors are L-isomorphic, denoted by ‘=l’, if they 
are isomorphic both as algebras and as L-modules. Note that if L is a 
primitive Lie algebra of type 3, its two minimal ideals are not L-isomorphic, 
so we introduce the following concept. We say that two chief factors of L are 
L-connected if either they are L-isomorphic, or there exists an epimorphic 
image L of L which is primitive of type 3 and whose minimal ideals are 
L-isomorphic, respectively, to the given factors. (It is clear that, if two 
chief factors of L are L-connected and are not L-isomorphic, then they are 
nonabelian and there is a single epimorphic image of L which is primitive 
of type 3 and which connects them.) 

Our primary objective is to generalise further the version of the Jordan- 
Holder Theorem for chief series of L established in [1|. Our result could 
probably be obtained from [2] , but we prefer to follow the approach adopted 
for groups (though in a more general context) in [1] as interesting results 
and concepts are obtained on the way. 

2 Preliminary results on chief factors 

Let A/B and C/D be chief factors of L. We write A/B \ C/D \i A = B-\-C 
and B PiC = D. Clearly, if A/B is abelian, then so is C / D. 

Lemma 2.1 Let A/B \ C/D. Then 

(i) if A/B is supplemented by M in L, then so is C/D; 

(a) if M supplements A/B in L and K supplements B/D in L, then 
C+MAK supplements A/C in L and, in this case, MOK supplements 
A/D in L; and 

(iii) (i) and (ii) both hold with ‘supplemented’ replaced by ‘complemented’. 
If, further, C/D is non-abelian, then 

(iv) the set of monolithic supplements of C/D in L coincides with the set 
of monolithic supplements of A/B in L; 
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(v) if B/D is an abelian chief factor of L then the (possibly empty) set 
of complements of B/D in L coincides with the set of complements of 
A/C in L. 

Proof. We have A = B + C and B r\C = D. 

(i) Suppose that L = A + M and B Ar\ M. Then L = B + C + M = 
C + M and D = BnccAnMnc = Mnc. 

(ii) Suppose that L = A + M = B + K, B C. AnM and D n BnK. Then 
A + C + MnK = A + MnK = B + C + MnK = C + Mn{K + B) = 
C+M = L. Furthermore, C = C+D C C+BnK C C+{AnMnK) = 
An {C + M n K), so C + M n K supplements A/C in L. 

Moreover, in this case, L = A + M n K and D Q B n K C An M n K, 
so M n K supplements A/D in L. 

(hi) Simply substituting equalities for the inequalities in the above proofs 
will yield the corresponding results for complements. 

For the remaining parts we can assume, without loss of generality that 
D = d and that C* is a non-abelian minimal ideal of L. It follows that 

[c, 5] c c n 5 = 0. 

(iv) If M is a monolithic supplement of (7 in L then L = C + M and L/Mi 
is a primitive Lie algebra of type 2. Now Soc{L/Ml) = {C + Ml)/Ml 
and Cl{C) = Cl{{C + Ml)/Ml) = Ml- Hence B C Cl{C) = Ml 
M. Thus L = A + M with B C A n M and M is a monolithic 
supplement of A/B in L. 

Conversely, if M is a monolithic supplement of A/B in L, then M 
supplements (7 in L, by (i). 

(v) Suppose that B is an abelian ideal of L complemented by M, so L = 
B+M. Then Cl{B) = B + Ml and A = B ® A n Ml- Since C is 
non-abelian, this implies that C = C"^ = C. An Ml- Thus C n M 
and M complements A/C in L. 

Conversely, suppose that L = A + M and An M = C- Then L = 
B+C+M = B+M and C = AnM = C+BnM, so BnM C BnC = 0. 
Hence M complements H in L. 


□ 


4 



Lemma 2.2 Let U and S he two maximal subalgebras of a Lie algebra L 
sueh that Ul ^ Sl. Suppose that U and S supplement the same ehief faetor 
A/B of L. Then M = A + Ur\S is a maximal subalqebra of L such that 
ML=A + ULnSL. 

(i) Assume that A/B is abelian. Then M is a maximal subalgebra of type 
1 whieh complements the ehief factors Ul/Ul H Sl and Sl/Ul H Sl- 
Moreover, M DU = MnS = UnS. 

(ii) Assume that A/B is non-abelian. Then either U or S is of type 3. 
Suppose that U is of type 3 and S is monolithie. Then Ul C Sl = 
Cl{A/B). Moreover, M is a maximal subalgebra of type 2 of L whieh 
supplements the ehief faetor Sl/Ul- 

(Hi) Assume that U and S are of type 3. Then M is a maximal subalgebra 
of type 3 of L which complements the ehief factors {A-\-Sl)/Ml and 
{A + Ul)/Ml. Moreover MAU = MaS = UAS. 

Proof. We have that L = A-\-Lf = ^ + 5* and B A AALf A S. 

(i) Let A/B be abelian and put C = Cl{A/B). First note that B C 
AaU C a and AaU is an ideal of L since A/B is abelian, so B = AaU. 
Thus MAU = {A + U AS) AU = AaU + U AS = B + U AS = U AS. 
Similarly M A S = U A S. Since U S, M \s a. proper subalgebra of 
L. 

Clearly C = A -\- Ul = A -\- Sl- But B A A A {Ul + Sl) U A, so 
Aa{Ul + Sl) = B ox a. The former implies that Ul + Sl = Ul + AA 
{Ul + Sl) = Ul + B = Ul and Ul + Sl = Sl similarly, contradicting 
the fact that Ul Sl- Hence the latter holds and C = Ul + Sl- But 
now Ul/Ul A Sl —l C/Sl —l A/B since AaSl = B. 

We have L = S + A = S + C = S + Ul + Sl = S + Ul, so M + Ul = 
A + UAS + Ul = A + UA{S + Ul) = A + U = L. Moreover, UlASl C 
M AUl so M \s a maximal subalgebra of L which complements the 
abelian chief factor Ul/UlASl- Similarly M complements Sl/UlASl- 

Finally L = M + Ul = M + C and M A C = M A {A + Ul) = 
A + M AUl = A + UlA Sl, so M also complements C/{A + UlASl), 
whence Ml = A + Ul A Sl- 

(ii) Assume that A/B is non-abelian. If U and S were both monolithic of 
type 2, then Ul = Sl = Cl{A/B), contradicting our hypothesis. It 
follows that either U ox S is of type 3. 
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So assume that U is of type 3 and that S is monolithic. Then Sl = 
Cl{A/B). Note that {A + Ul)/Ul is a chief factor of L which is 
L-isomorphic to A/B. Hence {A + Ul)/Ul and Sl/Ul are the two 
minimal ideals of the primitive Lie algebra L/C/l of type 3. Both of 
these are complemented by C/; in particular, L = U + S^. 

Now M + Sl = A + Ur\S + SL = A + {U + SL)nS = A + S = L and 
Ul = Ul+b = UL+Ar\SL = {UL+A)r\SL c {ur\S+A)f^SL = Mr\SL. 
It follows that M supplements the chief factor Sl/Ul in L. 

The quotient algebra 

L A + Sl , M 
A + Ul ~ A + Ul^ A + Ul 

is primitive of type 2, by [U Theorem 1.7, part 2]. But then the ideal 
Ml/ {A + Ul) must be trivial, since otherwise we have A + Sl U Ml 
which implies that Sl C M, a contradiction. Hence Ml = A + Ul- 

Let T be a subalgebra of L such that U (1 S C T C U. Then S = 
U CiS+Sl C T+Sl U U+Sl = L. Since S' is a maximal subalgebra of 
L, we have that T+Sl = S ot L. But then, since ThSl = UHSl = Ul, 
we have UA{T+Sl) = T+UASl = T,soT = UnS or T = UnL = U. 
Hence [/ fl 5 is a maximal subalgebra of U. The image of UdS/UCiA 
under the isomorphism from U/U PI A onto L/A is M/A, and so M is 
a maximal subalgebra of L of type 2. 


(hi) Assume now that U and S are maximal subalgebras of type 3, so that 
the quotient algebras L/Ul and L/Sl are primitive Lie algebras of 
type 3. 

If C = Cl{A/B), then U complements the chief factors {A + Ul)//Ul 
and C/Ul- Similarly, S complements the chief factors {A + Sl)//Sl 
and C/Sl- In particular, Ul ^ Sl and Sl 2 Ul- Hence L = U + Sl = 
S + Ul- But now, by a similar argument to that at the end of (ii), we 
have that M = A + UriS is a maximal subalgebra of L. 

Now C/Sl and C/Ul are chief factors of L and Ul ^ Sl, so C = 
Ul + Sl- Put 77 = n Sl- Then 

A + Ul ^ Ul Ul ^ C_ 

A + H ^ULr]{A + H) H ^ Sl 

and so {A + Ul)/{A + H) is a chief factor of L and 


Cl 


(A + Ul\ 
\a + h) 



A + Sl- 
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□ 


Similarly {A + Sl)/{A + H) is a chief factor of L and 


Cl 


\a + h) 


A + Ul. 


It follows that the quotient Lie algebra L = L/{A+H) has two minimal 
ideals, namely iV = {A+Sl)/{A+H) andCi{N) = {A+Ul)/{A+H). 
But A + M + Sl = A + UnS + SL = A + {{U + SL)nS) = A + S = L. 
Since U complements C/Ul, we have that U fl {Ul + Sl) = Ul, so 
U n Sl = UlH Sl = H and MniA + Si) = ^ +([/n5n (^ + 5 l)) = 
A + U n Sl = A + H. Similarly L = A + M + Ul and M n (^ + 17^) = 
A + H. It follows that the maximal subalgebra M = M/{A + H) of L 
complements N and Ci{N), and thus L is a primitive Lie algebra of 
type 3. Hence Ml = A + H. 

Finally note that M = {A + U ^ S) r\U = A r\U + U r\ S = 
B + UAS = UAS. Similarly Mf^S = U^S. 


The following result is straightforward to check. 

Theorem 2.3 Suppose that L = B + U, where B is an ideal of L and U is 
a subalgebra of L. Then L/B = U/ B r\U and the following hold. 

(^) If 

B = Bn < ... < Bo = L (1) 

is part of a chief series of L, then 

Br\u = BnAU < ... < Bor\U = U ( 2 ) 

is part of a chief series ofU. If M is a maximal subalgebra of L which 
supplements a chief factor Hj/Hj+i in (1), then M n C/ is a maximal 
subalgebra of U which supplements the chief factor Bi n U/Bi^i n U 
in (2). Moreover, (M n [/)t/ = Ml n U. 

(a) Conversely, if 

Bf^U = Un< ... <Uo = U (3) 

is part of a chief series of U, then 

B = B + Un<...<B + Uo = B + U = L (4) 

is part of a chief series of L. IfT is a maximal subalgebra ofU which 
supplements a chief factor Ui/Ui+i in (3), then B + T is a maximal 
subalgebra of L which supplements the chief factor {B + Ui)/{B + Ui+i) 
in (4). Moreover, {B + T)l = B + Ti!. 
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Lemma 2.4 Let K and H he ideals of a Lie algebra L and let 


K = YoCYiC ...C CYm = H 

he part of a chief series of L between K and H . Suppose that A/B is a chief 
faetor of L between K and H . Then 

(i) if A + Yj = B + Yj, then A + Yk = B + Yk for j < k < m; 

(a) if An Yj-i = B n then A n Yfc_i = B n Yfc_i for 1 <k < j; 

(Hi) if B + Yj-i C A + Yj-i, then B + 1^-1 C A + 1^-1 for 1 < k < j and 
A n Yj-i = B n Yj-i. In this ease, 

A + Yj_i ^ A + Yk-i ^ A 

B + Y,_i ^ B + Yk.i ^ B' 

(iv) If B nYj C An Yj, then B n Yf^ C AnYj^ for j < k < m and 
A + Yj = B + Yj. Moreover, 

^ ^ A nYk ^ A nYj 

B ^ BnYk ^ BnYj' 

Proof. 

(i) This is clear. 

(ii) This is just the dual of (i). 

(iii) The first assertion follows from (i). Now 

(A + Yk-i) + iB + Yj_i) = ^ + Yj_, and A + Yk-i = B + {A + Yk-i). 

Moreover, B C B + A n T^-i = An {B + Lj-i) C A. Since A/B is a 
chief factor of L, we have either B = B + A n Yj-i = An {B + Yj-i) 
or An {B + Yj-i) = A. If the latter holds then A C B + Lj_i, which 
implies that A+Yj-i = B+Yj-i, a contradiction. Hence AnYj-i C B, 
and so A n Tj-i = B n Tj-i. But now A n Ifc-i = B n Tfc-i, by (h). 
Thus 

An{B + Yk-i) = B + An Yk-i = B + Bn Yk-i = B, 

and 

{B + Yj_i) n (A + Ffc_i) = {B + Yj_i) n ^ + Ffc-I 

= B + Yj-i n ^ + Tfc_i 
= B + B n Yj-i + Tfc-i = B + Yk-i, 


which completes the proof. 



(iv) This is the dual of (iii). 

□ 

Let AjB and CjD be chief factors of L such that AjB CjD. li A/B is 
a Frattini chief factor and C/D \s supplemented by a maximal subalgebra of 
L, then we call this situation an m-crossing, and denote it by [A/B '\C/D]. 

Note that if [A/B '\C/D] is an m-crossing then C/D must be abelian. 
For, if C/D is a supplemented nonabelian chief factor, then it has a mono¬ 
lithic supplement, by [U Proposition 2.5], and so A/B must also be supple¬ 
mented, by Lemma l2.ll (ivl. 

Theorem 2.5 Let A/C, C/D and B/D he chief factors of L. If [A/B \ 
C/D] is an m-crossing, then so is [A/C \ B/D]. Moreover, in this case 
a maximal subalgebra M supplements C/D if and only if M supplements 
B/D. 

Proof. Without loss of generality we can assume that D = 0. Suppose that 
B and C are minimal ideals of L, A/B is a Frattini chief factor and C is 
supplemented by a maximal subalgebra M of L. Then we show that A/C 
is a Frattini chief factor of L and B is supplemented by M. 

If B <Z M, then L = A M and B ^ An M, so M supplements A/B in 
L, a contradiction. Hence B ^ M and M supplements B. 

Suppose that iL is a maximal subalgebra of L that supplements A/C m 
L, so L = A + K and C <LAnK. Then L = A + K = B + C + K = B + K, so 
K also supplements B in L. Since C % Ml and C 'L Kl, there is a maximal 
subalgebra J = B M D K such that Jl = B -\- Ml H Kl, by Lemma [221 
If H C J then A = Ali Jl = B -\- Ml n Kl li A = B + Ml liC = B, which 
is a contradiction. Hence J supplements A/B. But A/B is a Frattini chief 
factor of L, so this is not possible. It follows that A/C is a Frattini chief 
factor of L. □ 

Proposition 2.6 With the same hypotheses as in Lemma \2.4\ assume that 
A/B is a supplemented chief factor of L. Let 

f = max{j : {A -|- L^_i)/(H -|- L^-i) is a supplemented chief factor of L} 

and put X = Yj/ and Y = Then X/Y is a supplemented chief factor 

in L. Furthermore the following conditions are satisfied. 

(i) If A + X = B + X, then A + X = A + Y and 

A ^ A-hX ^ X 
B B-hY ^ ¥' 
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Moreover, AnY = B CiY = B f] X and 

B ^ BnY Y' 

(ii) IfA + X^B + X then 

'X + X ^ A + Y' 

B + X ^ B + Y 

is an m-crossing and 

A A + Y B + X ^ X 

B"^ B + Y B + Y ^ Y 

In particular, in both cases, {A + Y)/{B + Y) and {B + X)/{B + Y) are 
supplemented chief factors of L. 

Proof. Note first that {A + Yq)/{B + Yq) = A/B is a supplemented chief 
factor of L, so j' is well-defined. 

Suppose that B+X = B+Y. Then X+X = A+Y, so {A+X)/{B+X) = 
{A + Y)/{B + Y) is supplemented, contradicting the choice of j'. Hence 
{B + X)/{B + F) \ X/Y and {B + X)/{B + F) is a chief factor of L. 

(i) Suppose that X+X = B + X. Then B + Y C A + Y C X+X = B + X, 
so A + X = A + Y. Also A/B,/ (A + X)/(B + Y) \ X/F by Lemma 

El (hi). 

Moreover, A = A n (B + X) = H -|- X n X, so A/B \ X n X/B n X. 
But now AnY = B (1 Y = HnX, by Lemma 12.41 (hi). Hence 
A/B \ A n X/B n F ^ X/F. 

In this case 

B + X _ A + X _ A + Y 
B + Y ~ B + Y ~ B + Y 
is supplemented, by the definition of j'. 

(ii) Suppose now that X-|-X H-|-X. Then (j 4-|-X)/(H-|-X) is a Frattini 

chief factor of L, by the choice of j'. Now H-l-F C (H-|-X)n(X-|-F) C 
A + Y. If {B + X)n {A + Y) = A + Y, then A + Y CB + X so 
A + X = B + X, a contradiction. Hence H -|- F = {B + X) n (X -|- F) 
and [(X-|-X)/(H-|-X) \ {A+Y)/{B+Y)] is an m-crossing. Moreover, 
AnY = B nY = B n X, hy Lemma 12.41 (hi) again, and so we have 
A/B ^ {A + Y)/{B + Y) and {B + X)/{B + F) \ X/F. 
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Since [(A + X)/{B + X) \ {A + Y)/{B + y)] is an m-crossing, it 
follows from Theorem [23] that {A + Y) / {B + Y) and {B + X) / {B YY) 
are supplemented chief factors of L. 

In either case, {B + X)/{B + T) is a supplemented chief factor of L and 
{B + X)/{B + F) \ XjY, so X/Y is a supplemented chief factor of L. □ 

Proposition 2.7 With the same hypotheses as in Lemma \2.4\ assume that 
A/B is a Frattini chief factor of L. Let 

f = max{j : An Yj/B nYj is a Frattini chief factor of L} 

and put X = Yji and Y = Then X/Y is a Frattini chief factor of L. 

Furthermore the following conditions are satisfied. 

(i) If AnY = BAY, then AnY = BnX and 

A X 

B ^ BAY Y' 

Moreover, A + Y = A + X = B + X and 

A ^ A + X ^ X 
B B + Y ^ ¥' 

(ii) If A AY ^ BAY then 

■^nX ^ AAY' 

BAX ^ BAY 

is a erossing and 

xnx 4nx X 

B ^ BAX AaY ^ Y' 

In particular, in both cases, {A n X)/{B n Y) and {A D X)/{B n X) are 
Frattini chief factors of L. 

Proof. This is simply the dual of Proposition 12.61 □ 

We say that two chief factors A/B and C/D of L are m-related if one of 
the following holds. 

1. There is a supplemented chief factor R/S such that A/B R/S \ 
C/D. 
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2. There is an m-crossing \U/V \ W/X] such that A/B ^ V/X and 
W/X \ C/D. 

3. There is a Frattini chief factor Y/Z such that A/B \Y/Z C/D. 

4. There is an m-crossing \U/V \ W/X] such that A/B \ U/V and 
U/W ^ C/D. 

Theorem 2.8 Suppose that A/B and C/D are m-related chief factors of 
L. Then 

(i) A/B and C/D are L-connected; 

(a) A/B is Frattini if and only if C/D is Frattini; and 

(Hi) if A/B and C/D are supplemented, then there exists a common sup¬ 
plement. 

Proof. 

(i) In case 1 we have 

A A A+S C+S C C 

_ _ _ ^ _ ' _ _ ' r\j _ _ _ 

B~Ans~^ s ~ s ~^cns~D' 

In case 3 we have 

A B+Y Y Y Y D+Y C 

B ~ B BnY “ Z “ DnY Y ~ D' 

Consider case 2. Here V/X and W/X have a common supplement, 
M say, by Theorem 12.51 Then {V + Ml)/Ml and (IT + Ml)/Ml 
are minimal ideals of the primitive Lie algebra L/Ml. If T + Ml = 
IT + Ml then V/X W/X, which implies that A/B C/D. 
Otherwise L/Ml is a primitive Lie algebra of type 3 whose minimal 
ideals are (T + Ml)/Ml and (IT + Ml)/Ml. Since A/B =l V/X and 
C/D =L W/X we see that A/B and C/D are L-connected. 

Case 4 is similar to case 2. 

(ii) If A/B is Frattini, then case 1 of the definition of ‘m-related’ cannot 
hold. Suppose we are in case 2. Then [U/W \ T/X] is an m-crossing, 
by Theorem 12.51 so V/X is supplemented in L. Hence A/B \s supple¬ 
mented in L, by Lemma l2.ll so case 2 cannot hold. If case 3 holds, 
then C/D is Frattini, by Lemma [2T] (i). In case 4, [U/W \ V/X] 
is an m-crossing, by Theorem 12.51 But then U/W is Frattini, whence 
C/D is Frattini, by Lemma l2.11 
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(iii) Let A/B and C/D be supplemented. Then we are in either case 1 or 
case 2 of the definition of ‘m-related’. In case 1, if M supplements 
R/S then M supplements both A/B and C/D, by Lemma 12.11 So 
suppose that case 2 holds, Then there is a common supplement M to 
V/X and W/X, by Theorem 12.51 But M also supplements A/B and 
C/D, by Lemma [2T] 

□ 

Lemma 2.9 With the same hypotheses as in Lemma \2.4\ suppose that A/B 
and Yj/Yj-i are m-related. Then 

(i) A/B andYj/Yj-i are supplemented in L if and only if {A+Yj-i)/{B + 
Yj-i) is supplemented in L; and 

(a) A/B and Yj/Yj-i are Frattini in L if and only if A (1 Yj/B n Yj is 
Frattini in L. 

Proof. 

(i) Put C = Yj, D = Yj-i and suppose that case 1 of the definition of ‘m- 
related’ holds. If A-\-D = B + D then R = A+D + S = B + D + S = S, 
a contradiction, so B+D C A+D. It follows from Lemma[23](iii) that 
{A+D) / {B + D) \ A/B, and, in particular, that {A+D) / {B + D) is a 
chief factor of L. But B + D C {A + D)r]S C A + D. Since A + D ^ S 
we have that {A + D)r]S = B + D and R/S \ {A + D)/{B + D). 
Hence {A + Yj-i)/{B + T^-i) is supplemented in L. 

Now suppose that case 2 holds, li A + D = B + D, then V = A + X = 
A + D + X = B + D + X = X, a contradiction, so B + D + A + D 
and, as above, {A + D)/{B + D) \ A/B. Now V = A + D + X and 
(A + D)nX = AnX + D = B + D, so V/X \ {A + D)/{B + D). 
Hence {A + Yj-i)/{B + L^-i) is supplemented in L. 

The converse follows from Lemma 12.41 (iii). 

(ii) This the dual statement to (i). 

□ 

3 A generalised Jordan-Holder Theorem 

Theorem 3.1 Let K and H be ideals of L such that K + H and two 
sections of chief series of L between K and H are 

K = XoClXiCl... + Xn = H 
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and 


K = YoCYiC...CYm = H. 


Then n = m and there is a unique permutation a G Sn such that Xi/Xi^i 
and i^cr(i)/^( 7 (i)-i o,re m-related, for 1 <i <n. Furthermore 

a{i) = max{j : (Xi + y^_i)/(Xj_i + i^-i) is supplemented in L} 
if XifXi-i is supplemented in L, and 

a{i) = min{j : Xi n YjjXi^i n Yj is Frattini in L} 
if XifXi-i is Frattini in L 

Proof. We can assume without loss of generality that n> m. Put A = Xi, 
S = W_i,X = F,(,), F = 

By Proposition 12.61 A A/B is supplemented in L, then so is XjY. More¬ 
over, if A + X = B + X then A/B ^ {A + Y)/{B + F) \ X/Y, by 
Proposition 12.61 (i). Also {A + Y)/{B + Y) is supplemented in L, by the 
definition of cr{i). Thus, this is case 1 of the definition of ‘m-related’. If 
A + X B + X then we are in case 2 of the definition, by Proposition 12.61 
(ii). 

Dually, by Proposition [221 if A/B is Frattini, then so is X/Y. Moreover, 
if A n X = .B n X, then A/B \ A n X/B n X / X/Y, by Proposition [221 
(i). Also A n X/A n y is Frattini, by the definition of (T{i). Thus, this is 
case 3 of the definition of ‘m-related’. IfAnX Bi^X then we are in case 
4 of the definition, by Proposition 12.71 fiil. 

Therefore, in all cases, A/B and X/Y are m-related for 1 < f < n. 

Next we show that the map a : {1,..., n} ^ {1,... , m} defined in the 
statement of the theorem is injective. Put C = X^ and D = Xfc_i, where 
i < k and a{i) = a{k). 

Suppose that A/B is supplemented in L; then so are X/Y and C/D. 
Suppose that A-|-X = i?-|-X. Then A C D, so A-|-X = A-l-X, by Proposition 
12.61 (i), which yields that D + X = D + AY X = D Y A + Y = D YY . Since 
C/D IS supplemented in L and a{k) = j, {CYY)/{D YY) is a chief factor of 
L, and then D Y X = D YY Y C YY = C Y X. It follows from Proposition 
12.61 (ii) that {D Y X)/{D -|- X) \ X/Y ; in particular, DYXf^DYY,a. 
contradiction. 

Hence H + X C A + X. Then [(A + X)/{B + X) \ (A + Y)/{B Y X)] 
is an m-crossing, by Proposition 12.61 (ii), and hence so is [(A -|- X)/(A -|- 
X) \ (H -|- X)/(H -I- X)], by Theorem 12.51 It follows that the chief factor 
(A -|- X)/(A -|- X) is Frattini. Since a{k.) = j we have that (C'-|-X)/(D -|- X) 


14 


and {D + X)/{D + Y) are supplemented chief factors of L. But A C D so 
y4 + y CD + Y and A + X C D + X. Also D + X = (D + Y) + (A + X) and 
(D + Y)n(A + X) = A + Dnx + Y. Duty c Dnx + y CXandX/yisa 
chief factor of L. If y»nX + y = X then X C D + Y and so D + X = D + Y, 
contradicting the fact that (D + X)/{D + y) is a chief factor of L. Hence 

n X + y = y, giving d n x c y and (y> + y) n (A + x) = a + y. Thus 
{D + X)/{D + Y) \ (A + X)/(A + y), which implies that {D + X)/{D + Y) 
is Frattini, by Lemma l2 A I which is a contradiction 

We have shown that the restriction of cr to the subset X of {1,... ,n} 
composed of all indices i corresponding to the supplemented chief factors 
Xj/Xj_i is injective. Applying dual arguments shows that the restriction 
of cr to the subset of ,n}\X consisting of all Frattini chief factors 

Xj/Xj_i is injective. By arguments at the beginning of the proof, a is 
injective. Hence n = m and a G Sn- 

Finally, if r is any permutation with the above properties then the 
definition of cr requires r(i) = a{i) for all i € X and T{i) = a{i) for all 
i G {1,..., n} \ X, by Lemma 12.91 Hence r = cr. □ 

Corollary 3.2 Let a be the permutation eonstrueted in Theorem \3.1\ If 
Xj/Xj_i and yo-(i)/yo-(i)-i are supplemented, then they have a common sup¬ 
plement. Moreover, the same is true if we replace ‘supplement ’ by ‘comple¬ 
ment 

Proof. The first assertion follows immediately from Theorem 12.81 The 
second is clear if both chief factors are abelian. So suppose that they are 
complemented nonabelian chief factors. Then case 2 of the definition of m- 
related cannot hold, since W/X (and thus Y„i^p^/Y„(^i'^_i) would have to be 
abelian, by the remark immediately preceding Theorem 12.51 Case 3 cannot 
hold, since Y/Z \s not supplemented, and case 4 cannot hold, since 17/IT is 
not supplemented. Hence case 1 holds, and there is a supplemented chief 
factor R/S such that Xj/Xj_i j/ R/S \ Y^(^i-^/Y„(j^-^_i, so R = Xi + S = 
y,(,) + 5, x, n 5 = w_i and y,(,) n 5 = y,(,)_i. 

Let M be a complement of Xj/Xj_i, so L = Xi + M and X^nM = Xj_i. 
Moreover, it is also a supplement of R/S and Y^{i-^/Y„(p^_x, by Lemma IXT] 
(iv), so L = R + M = yo-(j) + M, S G RAM and yo-(i)_i C C M. Then 

R + AIl = X^ + S + Ml = X, + Ml = y,(i) + Ml 

and 

M n (y,(i) + Ml) = M n (w + Ml) = Xi_i + Ml = Ml. 

Hence M n Y^^l) = Ml A y^(i) = y^(i)_i and M complements Y„(^i)/Y^(^L)-i- 
□ 
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